Introduction {#Sec1}
============

The elicitation of probability measures can be cumbersome in situations of imprecise or ambiguous information. To deal with this problem, a number of approaches have been put forward in the literature: we may work for instance with sets of probability measures, or *credal sets*; consider lower and/or upper bounds of the 'true' probability measure, representing the information in terms of *non-additive measures*; or model the information in terms of its behavioural implications. These different models are often referred to with the common term *imprecise probabilities* \[[@CR1]\].

On the other hand, when the available information comes from expert judgements it may be easier to model it in terms of comparative assessments of the form 'event $\documentclass[12pt]{minimal}
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                \begin{document}$$B$$\end{document}$.' This leads to *comparative probabilities*, that were studied first by de Finetti \[[@CR5]\] and later by other authors such as Koopman \[[@CR9]\], Good \[[@CR7]\] or Savage \[[@CR15]\]. For a recent thorough overview, as well as an extensive philosophical justification and a summary of the most important results, we refer to \[[@CR8]\].

In this paper, we consider a collection of comparative probability judgements over a finite possibility space and study the structure of the set of compatible probability measures. Specifically, we shall investigate in which cases this set is non-empty, the number of its extreme points and their features, and the properties of its associated lower probability. While most earlier work on comparative probabilities has mainly focused on the complete case---that is, the case where any two events are compared---ours is not the first study of the incomplete one; in this respect, the most influential works for this paper are those of Walley \[[@CR17], Section 4.5\] and Miranda and Destercke \[[@CR11]\]. Our present contribution has the same goals as that of Miranda and Destercke, but our setting is more general: where they exclusively focused on the specific case of comparisons between elementary events, we generalise some of their results to the case of comparisons between arbitrary events.

The paper is organised as follows. We start with a formal introduction of comparative assessments in Sect. [2](#Sec2){ref-type="sec"}, and subsequently discuss the compatibility problem and show that it can be easily tackled using Walley's theory of lower previsions. From Sect. [3](#Sec4){ref-type="sec"} on, we study the set of extreme points of the associated credal set. To that end, we introduce a graphical representation in Sect. [4](#Sec5){ref-type="sec"}; this representation allows us to determine the number of extreme points in a number of special cases in Sect. [5](#Sec10){ref-type="sec"}, where we also argue that this approach cannot be extended to the general case. We conclude in Sect. [6](#Sec13){ref-type="sec"} with some additional comments and remarks. Due to space constraints, proofs have been omitted.

Comparative Assessments and Compatibility {#Sec2}
=========================================

Consider a finite possibility space $\documentclass[12pt]{minimal}
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                \begin{document}$$(A,B)\in \mathscr {C}$$\end{document}$. Miranda and Destercke \[[@CR11]\] exclusively dealt with comparative assessments that consist of comparative judgements that concern singletons, or equivalently, are a subset of . We follow them in calling such comparative assessments *elementary*.

Throughout this contribution we will use a running example to illustrate much of the introduced concepts.

Running Example {#FPar1}
---------------

Let andClearly, the corresponding partial binary relation $\documentclass[12pt]{minimal}
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Example 1 {#FPar2}
---------
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Connection with Sets of Desirable Gambles {#Sec3}
-----------------------------------------

The existence of a compatible probability measure was characterized in \[[@CR16], Theorem 4.1\] in the case of complete comparative assessments and in \[[@CR14], Proposition 4\] and \[[@CR13], Section 2\] in the case of partial comparative assessments; see also \[[@CR17], Section 4.5.2\]. In this section, we use Walley's result to establish a connection with the theory of *sets of desirable gambles*, from which we shall derive a number of additional results. We refer to \[[@CR17]\] for a detailed account of the theory.
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It is often convenient to think of a gamble $\documentclass[12pt]{minimal}
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### Proposition 1 {#FPar3}
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Bounding the Number of Extreme Points {#Sec4}
=====================================

It follows immediately from the properties of probability mass functions that the comparative credal set $\documentclass[12pt]{minimal}
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To give a sense of the absolute and relative performance of these bounds, we reconsider our running example.

Running Example {#FPar6}
---------------
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Our upper bound on the number of extreme points depends on the cardinality of the space *n* and the number *m* of comparative assessments; thus, the bound can be made tighter if we remove constraints that are redundant because they are implied by other constraints and the monotonicity and additivity properties of probability measures. For instance, we may assume without loss of generality that$$\documentclass[12pt]{minimal}
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Proposition 4 {#FPar7}
-------------
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Similarly, we may assume without loss of generality that any $\documentclass[12pt]{minimal}
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A Graphical Approach {#Sec5}
====================

Essential for the results established in \[[@CR11]\] is the representation of the elementary comparative assessments as a digraph. In the non-elementary case, such a graphical representation will also be helpful. Throughout this contribution we use the graph theoretic terminology as defined in \[[@CR6]\]; we do allow ourselves one difference, however: we prefer to use *nodes* instead of vertices.

Representing the Comparative Assessment as a Graph {#Sec6}
--------------------------------------------------

Miranda and Destercke \[[@CR11]\] proposed a straightforward but powerful representation of the elementary comparative assessment $\documentclass[12pt]{minimal}
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Because we do not limit ourselves to elementary comparative judgements, we cannot simply take over their construction. One straightforward generalisation of the aforementioned construction is to add a directed edge from $\documentclass[12pt]{minimal}
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### Running Example {#FPar8}
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### Running Example {#FPar9}
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Some Basic Observations {#Sec7}
-----------------------

The following results are straightforward observations that follow almost immediately from our graphical representation $\documentclass[12pt]{minimal}
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### Lemma 1 {#FPar10}
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To facilitate the statement of the following and future results, we introduce some additional notation. For any non-empty event $\documentclass[12pt]{minimal}
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### Running Example {#FPar12}
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Our next result uses the well-known fact---see for instance \[[@CR6], Sections 1.6 and 1.4.1\]---that any digraph $\documentclass[12pt]{minimal}
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### Proposition 5 {#FPar13}
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Because of this result, without loss of generality we can restrict our attention in the remainder to digraphs $\documentclass[12pt]{minimal}
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### Proposition 6 {#FPar14}
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### Remark 1 {#FPar15}

This graphical representation also allows us to simplify somewhat the study of the compatibility problem and the extreme points in the following manner. We define a relationship $\documentclass[12pt]{minimal}
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This also allows us to remove redundant parts of the graph. $\documentclass[12pt]{minimal}
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Acyclic Digraphs {#Sec8}
----------------

If a digraph is free of directed cycles, then we call it *acyclic* \[[@CR6], Section 4.2\]. Any acyclic digraph has at least one node with zero indegree \[[@CR6], Lemma 4.1\]. Therefore, the following result is an immediate corollary of Lemma [1](#FPar10){ref-type="sec"}; alternatively, it is also a corollary of Propositions [8](#FPar19){ref-type="sec"} and [10](#FPar21){ref-type="sec"}.

### Corollary 1 {#FPar16}
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On the other hand, a digraph is acyclic if and only if it has a topological ordering, sometimes also called an acyclic numbering \[[@CR6], Proposition 4.1\]. This necessary and sufficient condition allows us to establish the following result.

### Proposition 7 {#FPar17}
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### Running Example {#FPar18}

It is easy to verify using Fig. [1](#Fig1){ref-type="fig"} that the graph $\documentclass[12pt]{minimal}
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Strict Comparative Assessments {#Sec9}
------------------------------

Our graphical representation also has implications when we consider a *strict* preference relation, where $\documentclass[12pt]{minimal}
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### Proposition 8 {#FPar19}
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### Proposition 9 {#FPar20}
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In the case of elementary comparisons, it was established in \[[@CR11], Lemma 1\] that $\documentclass[12pt]{minimal}
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### Proposition 10 {#FPar21}
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Quite remarkably and in contrast with the case of elementary probability comparisons, $\documentclass[12pt]{minimal}
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On the other hand, a necessary condition for $\documentclass[12pt]{minimal}
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Extreme Points of the Comparative Credal Set {#Sec10}
============================================

As we have often mentioned before, Miranda and Destercke \[[@CR11]\] show that in the case of elementary comparative assessments, the extreme points of the comparative credal set can be determined using the graphical representation. More specifically, they show that: all the extreme points of $\documentclass[12pt]{minimal}
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Unfortunately, these observations do not hold in the case of non-elementary comparative assessments, as is illustrated by the following example.

Example 2 {#FPar22}
---------
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Table 1.The extreme points of the comparative assessment in Example [2](#FPar22){ref-type="sec"}.i1234567891011121314151617$\documentclass[12pt]{minimal}
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Multi-level Partitions of Comparative Assessments {#Sec11}
-------------------------------------------------

As a first special case, we consider a straightforward extension of \[[@CR11]\] using a multi-level approach. At the core of this special case are some nested partitions of the possibility space and the restriction that the comparative judgements can only concern events that are on the same level of the nested partitions and belong to the same part of the partition in the previous level. We will here only explain the two-level case in detail; extending the approach to multiple levels is straightforward.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_1, \dots , C_k$$\end{document}$ be a partition of the possibility space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {X}$$\end{document}$. A comparative assessment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {C}$$\end{document}$ is *two-level* over this partition if it can be partitioned as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathscr {C}= \mathscr {C}' \cup \bigcup _{i=1}^k \mathscr {C}_i, $$\end{document}$$with and for all . Observe that if such a decomposition exists, then we can interpret $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {C}'$$\end{document}$ as an elementary comparative assessment with possibility space and, for all , we can interpret $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {C}_i$$\end{document}$ as an elementary comparative assessment with possibility space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i$$\end{document}$. Hence, we may use the algorithm described in \[[@CR11]\] to determine the extreme points of the comparative credal sets corresponding to these elementary comparative assessments, which we shall denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {M}_{\mathrm {el}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {M}_{\mathrm {el},1},$$\end{document}$ \..., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {M}_{\mathrm {el},k}$$\end{document}$, respectively. The following result establishes that we can combine these extreme points to obtain the extreme points of the original comparative credal set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {M}_\mathscr {C}$$\end{document}$.

### Proposition 11 {#FPar23}
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Furthermore, as corollary of Proposition [11](#FPar23){ref-type="sec"} and \[[@CR11], Theorem 4\] we obtain the following bound on the number of extreme points.

### Corollary 2 {#FPar24}
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Acyclic Digraphs {#Sec12}
----------------

Recall from Sect. [4.4](#Sec9){ref-type="sec"} that the absence of cycles simplifies things if we are interested in the compatibility with *strict* comparative judgements. Hence, it does not seem all too far-fetched that determining the (number of) extreme points of the comparative credal set induced by a (non-strict) comparative assessment also simplifies under the absence of cycles. As will become clear in the remainder, this is only certainly so in some special cases.

First, we revisit the three main points of \[[@CR11]\] that we recalled at the beginning of this section in the case of acyclic graphs. Our running example shows that also in the acyclic case (E1) does not hold because $\documentclass[12pt]{minimal}
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                \begin{document}$$2^n$$\end{document}$. Nevertheless, and despite our rather extensive search, we have not succeeded in finding an example of a comparative assessment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {C}$$\end{document}$ with an acyclic digraph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {G}$$\end{document}$ that has a comparative credal set with more than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2^n$$\end{document}$ extreme points. This is in contrast with the cyclic case, as we have shown in Example [2](#FPar22){ref-type="sec"}.

While the absence of cycles alone does not seem to allow us to efficiently determine the extreme points, there are two interesting special cases that permit us to do so. Essential to both these special cases is a specific class of subdigraphs of the digraph $\documentclass[12pt]{minimal}
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Important to note here is that all extreme arborescences can be easily procedurally generated. In essence, one needs to (i) select a node $\documentclass[12pt]{minimal}
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**Singular Assessments.** The first special case of acyclic digraphs concerns representing digraphs where every atom has at most one direct predecessor. We call a comparative assessment $\documentclass[12pt]{minimal}
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We see for instance that the comparative assessment in our running example is not singular, since 4 appears in both the assessments and , while the comparative assessment , represented in Fig. [2](#Fig2){ref-type="fig"}, is.Fig. 2.A singular digraph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {G}$$\end{document}$

The graph associated with a singular assessment need not be acyclic---for example, let $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar25}
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Because we can procedurally generate all extreme arborescences, it follows that we can use Theorem [1](#FPar25){ref-type="sec"} to generate all extreme points of the comparative credal set. Another consequence of Theorem [1](#FPar25){ref-type="sec"} is that we can establish a lower and upper bound on the number of extreme points in the singular case.

### Theorem 2 {#FPar26}
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These lower and upper bounds are reached, as we can see from \[[@CR11], Section 4.1\].

**Arborescences.** Finally, we consider the case that the digraph $\documentclass[12pt]{minimal}
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                \begin{document}$$({A,B})\in \mathscr {C}$$\end{document}$. As arborescences are special types of acyclic digraphs, we can strengthen Theorem [1](#FPar25){ref-type="sec"} to be---in some sense---similar to \[[@CR11], Theorem 1\].

### Theorem 3 {#FPar27}
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We also observe that the bound on the number of extreme points established in Theorem [2](#FPar26){ref-type="sec"} is still valid. To see that this result does not extend to all singular assessments, it suffices to take the extreme points of the assessment depicted in Fig. [2](#Fig2){ref-type="fig"}.

Conclusions {#Sec13}
===========

Although we find the results in this paper promising, there are some open problems that call for additional research, which should help towards making this model more operative for practical purposes. First and foremost, we would like to deepen the study of the acyclic case, and in particular to determine the number and the shape of the extreme points in other particular cases. In addition, a bound on the number of linearly independent constraints, in the manner hinted at in Sect. [3](#Sec4){ref-type="sec"}, should let us get a better bound on the number of extreme points. Finally, we should also look for graph decompositions that allow to work more efficiently with comparative judgements.
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